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Quadratically constrained quadratic programs
(QCQPs)

• q1, . . . , qm : Rn → R quadratic functions

qi(x) = xᵀAix+ 2bᵀi x+ ci

• inf
x

q1(x)

s.t. qi(x) = 0, ∀i = 2, . . . ,m

• Max-Cut, Max-Clique, binary programming, polynomial
optimization
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Diagonal QCQPs

• QCQPs where {Ai} are diagonal matrices

xᵀAix =

n∑
j=1

(Ai)j,j x
2
j

• Nicer?
• SDP relaxations more tractable1

• Better understanding of exactness of relaxations2

• Black-box global solvers seem to perform better

1[Ben-Tal, den Hertog 14], [Jiang, Li 16], [Le, Nguyen 20]
2[Burer, Ye 19], [W and Kılınç-Karzan 21]
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From a general QCQP to a diagonal QCQP

• Given a QCQP, can we rewrite it as a diagonal QCQP?

• Given {Ai} ⊆ Sn, does there exist invertible P ∈ Rn×n:

P ᵀAiP = Di, ∀i

• x = Py

=⇒ qi(x) = xᵀAix+ 2bᵀi x+ ci

= yᵀ(P ᵀAiP )y + 2bᵀiPy + ci

Definition
Such sets {Ai} ⊆ Sn are simultaneously diagonalizable via
congruence (SDC)
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Outline

1 Introduction: QCQPs and diagonalization

2 Prior work: SDC, first examples
• When is {A,B} SDC?

3 New notions of simultaneous diagonalizability
• d-Restricted SDC
• When is {A,B} 1-RSDC?

Almost everywhere!

4 Experiments

5 Conclusion: additional work, future directions
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SDC: What is known?

Definition
{Ai} ⊆ Sn is SDC if there exists invertible P ∈ Rn×n:

P ᵀAiP = Di, ∀i

Theorem
If A is invertible. Then

{A,B} SDC ⇐⇒ A−1B diagonalizable, real spectrum

[Horn, Johnson 12]
A. L. Wang New notions of simultaneous diagonalizability 6 / 16
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SDC: First examples

• {A} is SDC

⇐= Spectral theorem P ᵀAP = Λ

• If A � 0, then {A,B} is SDC:

(
A−1/2U

)ᵀ
A
(
A−1/2U

)
= UᵀU = I

• Let A =

(
1

1

)
, B =

(
1
−1

)

A−1B =

(
−1

1

)
eigenvalues of A−1B = {±i} =⇒ {A,B} not SDC
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SDC: Revisited

• {Ai} is SDC ⇐⇒ ∃{`1, . . . , `n} ⊆ Rn :

basis

Ai =
∑
j

µ
(i)
j `j`

ᵀ
j , ∀i

• Given {A,B}, how many {`1, `2, . . . } do we need

A =
∑
j

µj`j`
>
j , B =

∑
j

λj`j`
>
j ?

Naively: 2n

Sneak peek: n+ 1
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SDC: Revisited

• {Ai} is SDC ⇐⇒ ∃{`1, . . . , `n} ⊆ Rn :

basis

Ai =
∑
j

µ
(i)
j `j`

ᵀ
j , ∀i

• Given {A,B}, how many {`1, `2, . . . } do we need

A =
∑
j

µj`j`
>
j , B =

∑
j

λj`j`
>
j ?

Naively: 2n

Sneak peek: n+ 1

A. L. Wang New notions of simultaneous diagonalizability 8 / 16



SDC: Revisited

• {Ai} is SDC ⇐⇒ ∃{`1, . . . , `n} ⊆ Rn :

basis

Ai =
∑
j

µ
(i)
j `j`

ᵀ
j , ∀i

• Given {A,B}, how many {`1, `2, . . . } do we need

A =
∑
j

µj`j`
>
j , B =

∑
j

λj`j`
>
j ?

Naively: 2n

Sneak peek: n+ 1

A. L. Wang New notions of simultaneous diagonalizability 8 / 16



SDC: Revisited

• {Ai} is SDC ⇐⇒ ∃{`1, . . . , `n} ⊆ Rn :

basis

Ai =
∑
j

µ
(i)
j `j`

ᵀ
j , ∀i

• Given {A,B}, how many {`1, `2, . . . } do we need

A =
∑
j

µj`j`
>
j , B =

∑
j

λj`j`
>
j ?

Naively: 2n

Sneak peek: n+ 1

A. L. Wang New notions of simultaneous diagonalizability 8 / 16



Outline

1 Introduction: QCQPs and diagonalization

2 Prior work: SDC, first examples
• When is {A,B} SDC?

3 New notions of simultaneous diagonalizability
• d-Restricted SDC
• When is {A,B} 1-RSDC? Almost everywhere!

4 Experiments

5 Conclusion: additional work, future directions

A. L. Wang New notions of simultaneous diagonalizability 8 / 16



d-RSDC

Definition
{Ai} ⊆ Sn is d-Restricted SDC if there exists

{
Ai
}
⊆ Sn+d SDC

Ai =

(
Ai ∗
∗ ∗

)

• xᵀAix =

(
x
0

)ᵀ(
Ai ∗
∗ ∗

)(
x
0

)

• inf
x

(
x
0

)ᵀ

A1

(
x
0

)
+ . . .

s.t.

(
x
0

)ᵀ

Ai

(
x
0

)
+ · · · = 0, ∀i = 2, . . . ,m
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d-RSDC

• {Ai} ⊆ Sn is d-RSDC ⇐⇒ ∃{`1, . . . , `n+d} ⊆ Rn :

spanning Rn

Ai =
∑
j

µ
(i)
j `j`

ᵀ
j , ∀i

• {A,B} ⊆ Sn is naively n-RSDC

Theorem ([W and Jiang 21])

Let {A,B} ⊆ Sn. Suppose A−1B has only simple eigenvalues.
Then {A,B} is 1-RSDC.
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Main idea

• A =

(
1

1

)
, B =

(
1
−1

)

• A =

(
1 ∗

1 ∗
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)
, B =
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1 ∗
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• Want A−1B diagonalizable, real spectrum
• Suffices A−1B real simple eigenvalues
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1
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, B =

(
1 α
−1 β

α β γ

)
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Main Idea

• A =
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1
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)

• det
(
A−1B − zI

)

= . . .

= γ(z2 + 1) + (2αβ)z + (β2 − α2)1− z(z2 + 1)

• Pick {λ1, λ2, λ3} ⊆ R

γ(λ21 + 1) + (2αβ)λ1 + (β2 − α2)1 = λ1(λ
2
1 + 1)

• α = 1, β = 1, γ = 0
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Main Idea: Recap

• α = 1, β = 1, γ = 0

• A =

(
1

1
1

)
, B =

(
1 1
−1 1

1 1 0

)

• det(A−1B − zI) = 0 at z = −1, 0, 1

• A−1B has real simple eigenvalues {−1, 0, 1}
•
{
A,B

}
is SDC

• Similar calculations generalize to (almost every) pair
{A,B} ⊆ Sn
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Outline

1 Introduction: QCQPs and diagonalization

2 Prior work: SDC, first examples
• When is {A,B} SDC?

3 New notions of simultaneous diagonalizability
• d-Restricted SDC
• When is {A,B} 1-RSDC? Almost everywhere!

4 Experiments

5 Conclusion: additional work, future directions
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Setup

• inf
x∈Rn

xᵀA1x

s.t. xᵀA2x ≤ 0

Lx ≤ 1

• A1, A2 generated randomly in canonical form
• k is number of pairs of complex eigenvalues of A−11 A2

“How far {A1, A2} is from being SDC”
• Tested: As-is

, 1-RSDC, 2-RSDC, n-RSDC

Note: Slightly different setup than in paper
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Results for n = 15
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• ∗-RSDC outperforms As-is on every instance
• Condition number blows up with k

• k = 3: 1-RSDC (∼ 103), 2-RSDC (∼ 102), n-RSDC (1)
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Summary, future directions

• New notions: d-RSDC

• 1-RSDC holds a.e. for pairs
• Additional results:

• Almost SDC (ASDC)
• Complete characterization of ASDC for pairs
• Necessary and/or sufficient conditions for ASDC and
d-RSDC for small numbers of matrices

• Future directions:

Need better definitions of SDC
• What if cond(P ) must be bounded?
• Parameterized constructions of d-RSDC?

• Thank you. Questions?
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Additional results

Definition
{Ai} is almost SDC (ASDC) if for all ε > 0, there exists {A′i}
SDC, maxi ‖Ai −A′i‖ ≤ ε

Theorem ([W and Jiang 21])

Let {A,B} ⊆ Sn

• If A invertible, then

{A,B} ASDC ⇐⇒ A−1B has real spectrum

• If span({A,B}) does not contain invertible matrix, then

{A,B} ASDC

Related: [O’meara, Vinsonhaler 06]
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Additional results

Theorem
A ∈ Sn invertible. Then,

{A,B,C} ASDC ⇐⇒
{
A−1B,A−1C

}
commute,
real spectrum

Theorem
{A = In, B,C} ⊆ Sn. If d < rank([B,C])/2, then
• {A,B,C} is not d-RSDC

•
{(

A
0d

)
,

(
B

0d

)
,

(
C

0d

)}
is not ASDC

[W and Jiang 21]
Edit: A previous version of these slides had d ≤ . . . in the second theorem

instead of d < . . .
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Additional results

Theorem
There exists {A1, . . . , A7} ⊆ S6 such that
• A1 invertible,
•
{
A−11 A2, . . . , A

−1
1 A7

}
commute, real spectrum,

• not ASDC

Theorem
There exists {A1, . . . , A5} ⊆ H4 such that
• A1 invertible,
•
{
A−11 A2, . . . , A

−1
1 A5

}
commute, real spectrum,

• not ASDC

[W and Jiang 21]
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