
Technical Appendix (not for publication)

Derivation of Expressions in the Bias Result in Section 2.1

Taking the derivative of the score function in (2.3), we have the Hessian matrix

Hn(θ) = −


X ′nXn

nσ2 ∗ ∗
f ′nXn+v′nG′nXn

nσ2
f ′n f n+2 f ′nGnvn+v′nG′nGnvn+σ2tr[G2

n(λ)]

nσ2 ∗
v′n(δ)Xn

nσ4
v′n(δ) f n+v′n(δ)Gnvn

nσ4
v′n(δ)vn(δ)

nσ6 − 1
2σ4

 .

The (k + 2)× (k + 2)2 matrix ∂Hn(θ)/∂θ is defined recursively as follows:
∂3Ln(θ)
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∂β∂β′∂λ

∂3Ln(θ)
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∂β∂λ∂β′

∂3Ln(θ)
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∂β∂λ∂σ2
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∂λ∂λ∂λ
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∂λ∂λ∂σ2
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∂λ∂σ2∂β′

∂3Ln(θ)
∂λ∂σ2∂λ

∂3Ln(θ)
∂λ∂σ2∂σ2

∂3Ln(θ)
∂σ2∂β′∂β′

∂3Ln(θ)
∂σ2∂β′∂λ

∂3Ln(θ)
∂σ2∂β′∂σ2

∂3Ln(θ)
∂σ2∂λ∂β′

∂3Ln(θ)
∂σ2∂λ∂λ
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∂3Ln(θ)
∂σ2∂σ2∂σ2


where the nonzero (unique) blocks/elements are

∂3Ln(θ)

∂β∂β′∂σ2
=

X ′nXn

nσ4 ,
∂3Ln(θ)

∂β∂λ∂σ2 =
X ′n f n + X ′nGnvn

nσ4 ,
∂3Ln(θ)

∂β∂σ2∂σ2 =
2X ′nvn(δ)

nσ6 ,

∂3Ln(θ)

∂λ∂β′∂σ2
=

f ′nXn + v′nG′nXn

nσ4 ,
∂3Ln(θ)

∂λ∂λ∂λ
= −2tr[G3

n(λ)]

n
,

∂3Ln(θ)

∂λ∂λ∂σ2 =
f ′n f n + 2 f ′nGnvn + v′nG′nGnvn

nσ4 ,
∂3Ln(θ)

∂λ∂σ2∂σ2 =
2 f ′nvn(δ) + 2v′nG′nvn(δ)

nσ6 ,

∂3Ln(θ)

∂σ2∂β′∂β′
=

[vec(X ′nXn)]′

nσ4 ,
∂3Ln(θ)

∂σ2∂β′∂σ2
=

2vn(δ)′Xn

nσ6 ,
∂3Ln(θ)

∂σ2∂σ2∂σ2 =
3vn(δ)′vn(δ)− nσ2

nσ6 .

Evaluating ∂Hn(θ)/∂θ at θ = θ0 and taking expectation, we have the express for Dn as given in (2.9).

By substitution, we write

E(Hn⊗ψ′n) =


Ok×(k2+2k) − 1

nσ2
0
E[(X ′n f n + X ′nGnvn)⊗ψ′n] − 1

nσ4
0
E[(X ′nvn)⊗ψ′n]

− 1
nσ2

0
E[( f ′nXn + v′nG′nXn)⊗ψ′n] E(Hn,(k+1,k+1)ψ

′
n) E(Hn,(k+1,k+2)ψ

′
n)

− 1
nσ4

0
E[(v′nXn)⊗ψ′n] E(Hn,(k+2,k+1)ψ

′
n) E(Hn,(k+2,k+2)ψ

′
n)

 ,

and

E(ψnψ′n) =
1

nσ2
0


E(X ′nvnψ′n)

E[( f ′nvn)ψ′n] + E[(v′nGnvn)ψ′n]
1

2σ2
0
E[(v′nvn)ψ′n]

 .

Note that for any column vectors an and bn, a′n ⊗ b′n = (vec[(an ⊗ b′n)′])′ and an ⊗ b′n = anb′n. So

( f ′nXn + v′nG′nXn)⊗ψ′n = (vec [((X ′n f n + X ′nGnvn)ψ′n)
′])′ and (v′nXn)⊗ψ′n = (vec[((X ′nvn)ψ′n)

′])′. Also,

E[(X ′n f n + X ′nGnvn)ψ′n] =E(X ′nGnvnψ′n) since E(ψn) = 0p. Then what we need are the following expecta-

tions:

E(X ′n Anvnψ′n) =
1

nσ2
0

[
X ′n AnE(vnv′n)Xn X ′n AnE(vnv′n) f n + X ′n AnE(vnv′nG′nvn)

1
2σ2

0
X ′n AnE(vnv′nvn)

]
,
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for An = Gn and In, and

E(Hn,(k+1,k+1)ψ
′
n) = − 2

nσ2
0

E[( f ′nGnvn)ψ
′
n]−

1
nσ2

0
E[(v′nG′nGnvn)ψ

′
n],

E(Hn,(k+1,k+2)ψ
′
n) = − 1

nσ4
0

E[( f ′nvn)ψ
′
n]−

1
nσ4

0
E[(v′nGnvn)ψ

′
n],

E(Hn,(k+2,k+2)ψ
′
n) = − 1

nσ6
0

E[(v′nvn)ψ
′
n].

In the above expressions,

E[( f ′n Anvn)ψ
′
n] =

1
nσ2

0

[
f ′n AnE(vnv′n)Xn f ′n AnE(vnv′n) f n + f ′n AnE(vnv′nG′nvn)

1
2σ2

0
f ′n AnE(vnv′nvn)

]
,

for An = Gn and In, and

E[(v′n Anvn)ψ
′
n]
′ =

1
nσ2

0


X ′nE(vnv′n A′nvn)

f ′nE(vnv′n A′nvn) + E(v′n Anvnv′nGnvn)− σ2
0tr(Gn)E(v′n Anvn)

1
2σ2

0
E(v′nvnv′n Anvn)− n

2 E(v′n Anvn)

 ,

for An = Gn, G′nGn, and In. All the expectations involved boil down to the expectations of quadratic

and linear forms in the nonnormal vector vn, up to order 2, which can be found in Bao and Ullah (2010,

“Expectation of quadratic forms in normal and nonnormal variables with applications”, Journal of Statistical

Planning and Inference, 140). Upon substitution and simplification, we have (2.10) and (2.11).

Order O(hn/n) Bias of λ̂n under Divergent hn

Here we outline the steps in evaluation of the approximate bias of the QMLE λ̂n when hn is divergent (yet

at a slower rate than n). Assumptions 1–2, 3′, 4–7, and 10 of Lee (2004) are maintained, and the convergence

rate of λ̂n is
√

n/hn.

The score function (evaluated at λ0) based on the concentrated likelihood function, with the scaling

parameter hn/n imposed, is defined as

ψn = hnr1n − hng0n,

and the higher-order derivatives can be written as

∂ψn(λ0)

∂λ
= 2hnr2

1n − hnr2n − hng1n,
∂2ψn(λ0)

∂λ2 = 8hnr3
1n − 6hnr1nr2n − 2hng2n,

where

r1n =
v′n Mn f n + v′n MnGnvn

v′n Mnvn
,

r2n =
f ′n Mn f n + v′nG′n MnGnvn + 2v′nG′n Mn f n

v′n Mnvn
,

gin =
1
n

tr(Gi+1
n ), i = 1, 2.

Using Appendix A (“Some Basic Properties”) of Lee (2004), we can show that gin = O(h−1
n ), v′n MnGnvn =

OP (n/hn) , v′nG′n MnGnvn = OP (n/hn) , v′n Mn f n = OP(
√

n/hn), v′nG′n Mn f n = OP(
√

n/hn), v′n Mnvn =
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OP(n), and v′n Mnvn−E(v′n Mnvn) = OP(
√

n). Note that terms of order OP(n−1) are of order oP(hn/n),

since hn is divergent. Thus, we can implement the following expansion

hnr1n =
hn
n v′n Mn f n +

hn
n v′n MnGnvn

1
n v′n Mnvn

=

hn
nσ2

0
v′n Mn f n +

hn
nσ2

0
v′n MnGnvn

1 + 1
nσ2

0
v′n Mnvn − 1

nσ2
0
E (v′n Mnvn)− k

n

=

hn
nσ2

0
v′n Mn f n +

hn
nσ2

0
v′n MnGnvn

1 + 1
nσ2

0
v′n Mnvn − 1

nσ2
0
E (v′n Mnvn)

+ OP(n−1)

=
hn

nσ2
0

v′n MnGnvn︸ ︷︷ ︸
OP(1)

+
hn

nσ2
0

v′n Mn f n︸ ︷︷ ︸
OP((n/hn)−1/2)

+
hn

n2σ4
0

v′n MnGnvn
[
E
(
v′n Mnvn

)
− v′n Mnvn

]
︸ ︷︷ ︸

OP(n−1/2)

+ oP (hn/n) .

Similarly, we have the following:

hnr2n =
hn

nσ2
0

f ′n Mn f n +
hn

nσ2
0

v′nG′n MnGnvn︸ ︷︷ ︸
OP(1)

+
2hn

nσ2
0

v′nG′n Mn f n︸ ︷︷ ︸
OP((n/hn)−1/2)

+
hn

n2σ4
0

(
f ′n Mn f n + v′nG′n MnGnvn

) [
E
(
v′n Mnvn

)
− v′n Mnvn

]
︸ ︷︷ ︸

OP(n−1/2)

+ oP (hn/n) ,

hnr2
1n =

hn

n2σ4
0
(v′n MnGnvn)

2

︸ ︷︷ ︸
OP(h−1

n )

+
2hn

n2σ4
0

f ′n Mnvnv′n MnGnvn︸ ︷︷ ︸
OP((nhn)−1/2)

+
2hn

n3σ6
0
(v′n MnGnvn)

2 [E (v′n Mnvn
)
− v′n Mnvn

]
︸ ︷︷ ︸

OP(n−1/2h−1
n )

+ oP (hn/n) ,

hnr3
1n =

hn

n3σ6
0
(v′n MnGnvn)

3

︸ ︷︷ ︸
OP(h−2

n )

+
3hn

n3σ6
0

f ′n Mnvn(v′n MnGnvn)
2

︸ ︷︷ ︸
OP(n−1/2h−3/2

n )

+
3hn

n4σ8
0
(v′n MnGnvn)

3 [E (v′n Mnvn
)
− v′n Mnvn

]
︸ ︷︷ ︸

OP(n−1/2h−2
n )

+ oP (hn/n) ,

hnr1nr2n =
hn

n2σ4
0

v′n MnGnvn( f ′n Mn f n + v′nG′n MnGnvn)︸ ︷︷ ︸
OP(h−1

n )

+
2hn

n2σ4
0

f ′n MnGnvnv′n MnGnvn +
hn

n2σ4
0

f ′n Mnvn( f ′n Mn f n + v′nG′n MnGnvn)︸ ︷︷ ︸
OP((nhn)−1/2)

21



+
2hn

n3σ6
0
( f ′n Mn f n + v′nG′n MnGnvn)v′n MnGnvn

[
E
(
v′n Mnvn

)
− v′n Mnvn

]
︸ ︷︷ ︸

OP(n−1/2h−1
n )

+ oP (hn/n) ,

h2
nr2

1n =
h2

n

n2σ4
0
(v′n MnGnvn)

2

︸ ︷︷ ︸
OP(1)

+
2h2

n

n2σ4
0

f ′n Mnvnv′n MnGnvn︸ ︷︷ ︸
OP((n/hn)−1/2)

+
h2

n

n2σ4
0

v′n Mn f n f ′n Mnvn︸ ︷︷ ︸
OP(hn/n)

+
2h2

n

n3σ6
0
(v′n MnGnvn)

2 [E (v′n Mnvn
)
− v′n Mnvn

]
︸ ︷︷ ︸

OP(n−1/2)

+ oP (hn/n) ,

h2
nr3

1n =
h2

n

n3σ6
0
(v′n MnGnvn)

3

︸ ︷︷ ︸
OP(h−1

n )

+
3h2

n

n3σ6
0

f ′n Mnvn(v′n MnGnvn)
2

︸ ︷︷ ︸
OP((nhn)−1/2)

+
3h2

n

n4σ8
0
(v′n MnGnvn)

3 [E (v′n Mnvn
)
− v′n Mnvn

]
︸ ︷︷ ︸+oP (hn/n)

OP(n−1/2h−1
n )

,

h2
nr1nr2n =

h2
n

n2σ4
0

v′n MnGnvn
(

f ′n Mn f n + v′nG′n MnGnvn
)

︸ ︷︷ ︸
OP(1)

+
2h2

n

n2σ4
0

f ′n MnGnvnv′n MnGnvn +
h2

n

n2σ4
0

f ′n Mnvn
(

f ′n Mn f n + v′nG′n MnGnvn
)

︸ ︷︷ ︸
OP((n/hn)−1/2)

+
2h2

n

n2σ4
0

v′nG′n Mn f n f ′n Mnvn︸ ︷︷ ︸
OP(hn/n)

+
2h2

n

n3σ6
0

v′n MnGnvn
(

f ′n Mn f n + v′nG′n MnGnvn
) [

E
(
v′n Mnvn

)
− v′n Mnvn

]
︸ ︷︷ ︸

OP(n−1/2)

+ oP (hn/n) .

Then by substitution,

E(ψn) =
hn

nσ2
0

E(v′n MnGnvn)− hng0n︸ ︷︷ ︸
O(1)

+
hn

n2σ4
0

[
E(v′n MnGnvn)E

(
v′n Mnvn

)
− E(v′n MnGnvnv′n Mnvn)

]
︸ ︷︷ ︸

O(n−1/2)

+ o(hn/n)

≡ E(ψn),O(1) + E(ψn),O(n−1/2) + o(hn/n),

E(Hnψn) = h2
ng0ng1n +

h2
ng0n

nσ2
0

f ′n Mn f n −
h2

ng1n

nσ2
0

E(v′n MnGnvn)︸ ︷︷ ︸
O(1)
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+
hng0n

nσ2
0

E(v′nG′n MnGnvn)−
h2

n

n2σ4
0

[
f ′n Mn f nE(v′n MnGnvn) + E(v′nG′n MnGnvnv′n MnGnvn)

]
︸ ︷︷ ︸

O(1)

+
2h2

n

n3σ6
0

E[(v′n MnGnvn)
3]− 2h2

ng0n

n2σ4
0

E[(v′n MnGnvn)
2]︸ ︷︷ ︸

O(h−1
n )

+
−2h2

n

n2σ4
0

f ′n MnGnE(vnv′n MnGnvn)−
h2

n

n2σ4
0

f ′n MnE(vnv′nG′n MnGnvn︸ ︷︷ ︸)
O((n/hn)−1/2)

+
−2h2

n

n3σ6
0

{
f ′n Mn f nE(v′n MnGnvn)E

(
v′n Mnvn

)
+ E(v′nG′n MnGnvnv′n MnGnvn)E

(
v′n Mnvn

)}
︸ ︷︷ ︸

O(n−1/2)

+
2h2

n

n3σ6
0

{
f ′n Mn f nE(v′n MnGnvnv′n Mnvn) + E(v′nG′n MnGnvnv′n MnGnvnv′n Mnvn)

}
︸ ︷︷ ︸

O(n−1/2)

+
h2

ng1n

n2σ4
0

[
E(v′n MnGnvnv′n Mnvn)− E(v′n MnGnvn)E

(
v′n Mnvn

)]
︸ ︷︷ ︸

O(n−1/2)

+
h2

ng0n

n2σ4
0

[
E(v′nG′n MnGnvn)E

(
v′n Mnvn

)
− E(v′nG′n MnGnvnv′n Mnvn)

]
︸ ︷︷ ︸

O(n−1/2)

+
−2h2

n

n2σ4
0

E(v′nG′n Mn f n f ′n Mnvn)︸ ︷︷ ︸
O(hn/n)

+
6h2

n

n3σ6
0

f ′n MnE[vn(v′n MnGnvn)
2]− 4h2

ng0n

n2σ4
0

f ′n MnE(vnv′n MnGnvn)︸ ︷︷ ︸
O((nhn)−1/2)

+
6h2

n

n4σ8
0

{
E[(v′n MnGnvn)

3]E
(
v′n Mnvn

)
− E[(v′n MnGnvn)

3v′n Mnvn]
}

︸ ︷︷ ︸
O(n−1/2h−1

n )

+
4h2

ng0n

n3σ6
0

{
E[v′n Mnvn(v′n MnGnvn)

2]− E
(
v′n Mnvn

)
E[(v′n MnGnvn)

2]
}

︸ ︷︷ ︸
O(n−1/2h−1

n )

+ o(hn/n)

≡ E(Hnψn),O(1) + E(Hnψn),O(h−1
n ) + E(Hnψn),O((n/hn)−1/2) + E(Hnψn),O(n−1/2) + E(Hnψn),O(hn/n)

+E(Hnψn),O((nhn)−1/2) + E(Hnψn),O(n−1/2h−1
n ) + o(hn/n),

E(ψ2
n) = hng2

0n +
h2

n

n2σ4
0

E[(v′n MnGnvn)
2]− 2h2

ng0n

nσ2
0

E(v′n MnGnvn)︸ ︷︷ ︸
O(1)

+
h2

n

n2σ4
0

E(v′n Mn f n f ′n Mnvn)︸ ︷︷ ︸
O(hn/n)

+
2h2

n

n2σ4
0

f ′n MnE(vnv′n MnGnvn)︸ ︷︷ ︸
O((n/hn)−1/2)
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+
2h2

n

n3σ6
0

{
E[(v′n MnGnvn)

2]E
(
v′n Mnvn

)
− E[(v′n MnGnvn)

2v′n Mnvn]
}

︸ ︷︷ ︸
O(n−1/2)

+
−2h2

ng0n

n2σ4
0

[
E(v′n MnGnvn)E

(
v′n Mnvn

)
− E(v′n MnGnvnv′n Mnvn)

]
︸ ︷︷ ︸

O(n−1/2)

+ o(hn/n)

≡ E(ψ2
n),O(1) + E(ψ2

n),O(hn/n) + E(ψ2
n),O((n/hn)−1/2) + E(ψ2

n),O(n−1/2) + o(hn/n),

Σn = hng1n +
hn

nσ2
0

f ′n Mn f n +
hn

nσ2
0

E(v′nG′n MnGnvn)︸ ︷︷ ︸
O(1)

+
−2hn

n2σ4
0

E[(v′n MnGnvn)
2]︸ ︷︷ ︸

O(h−1
n )

+
−4hn

n2σ4
0

f ′n MnE(vnv′n MnGnvn)︸ ︷︷ ︸
O((nhn)−1/2)

+
hn

n2σ4
0

{
E(v′nG′n MnGnvn)E

(
v′n Mnvn

)
− E(v′nG′n MnGnvnv′n Mnvn)

}
︸ ︷︷ ︸

O(n−1/2)

+
4hn

n3σ6
0

{
E[(v′n MnGnvn)

2v′n Mnvn]− E[(v′n MnGnvn)
2]E
(
v′n Mnvn

)}
︸ ︷︷ ︸

O(n−1/2h−1
n )

+ o(hn/n)

≡ Σn,O(1) + Σn,O(h−1
n ) + Σn,O((nhn)−1/2) + Σn,O(n−1/2) + Σn,O(n−1/2h−1

n ) + o(hn/n),

Dn = −2hng2n︸ ︷︷ ︸
O(1)

+
−6hn

n2σ4
0

[
f ′n Mn f nE(v′n MnGnvn) + E(v′nG′n MnGnvnv′n MnGnvn)

]
︸ ︷︷ ︸

O(h−1
n )

+
8hn

n3σ6
0

E[(v′n MnGnvn)
3]︸ ︷︷ ︸

O(h−2
n )

+
−12hn

n2σ4
0

f ′n MnGnE(vnv′n MnGnvn)−
6hn

n2σ4
0

f ′n MnE(vnv′nG′n MnGnvn)︸ ︷︷ ︸
O((nhn)−1/2)

+
12hn

n3σ6
0

f ′n Mn f n
[
E(v′n Mnvnv′n MnGnvn)− E(v′n MnGnvn)E

(
v′n Mnvn

)]
︸ ︷︷ ︸

O(n−1/2h−1
n )

+
12hn

n3σ6
0

[
E(v′n Mnvnv′n MnGnvnv′nG′n MnGnvn)− E(v′n MnGnvnv′nG′n MnGnvn)E

(
v′n Mnvn

)]
︸ ︷︷ ︸

O(n−1/2h−1
n )

+
24hn

n3σ6
0

f ′n MnE[vn(v′n MnGnvn)
2]︸ ︷︷ ︸

O(n−1/2h−3/2
n )

+
24hn

n4σ8
0

{
E[(v′n MnGnvn)

3]E
(
v′n Mnvn

)
− E[v′n Mnvn(v′n MnGnvn)

3]
}

︸ ︷︷ ︸
O(n−1/2h−2

n )

+o (hn/n)

≡ Dn,O(1) + Dn,O(h−1
n ) + Dn,O(h−2

n ) + Dn,O((nhn)−1/2) + Dn,O(n−1/2h−1
n ) + Dn,O(n−1/2h−3/2

n )

+Dn,O(n−1/2h−2
n ) + o (hn/n) .

Also, note that

Σ−i
n =

[
Σn,O(1) + Σn,O(h−1

n ) + Σn,O((nhn)−1/2) + Σn,O(n−1/2) + Σn,O(n−1/2h−1
n )

]−i
+ o(hn/n)
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≡ Σ(−i)
n + o(hn/n), i = 1, 2, 3.

We may do some further expansion of Σ(−i)
n , but the above expansion shall suffice for our purpose, as all

the terms in the expansion of Σn are known.

Thus, the approximate bias of λ̂n should read

B(λ̂n) = 2Σ(−1)
n

[
E(ψn),O(1) + E(ψn),O(n−1/2)

]
+ Σ(−2)

n

[
E(Hnψn),O(1) + E(Hnψn),O(h−1

n )

+E(Hnψn),O((n/hn)−1/2) + E(Hnψn),O(n−1/2) + E(Hnψn),O(hn/n) + E(Hnψn),O((nhn)−1/2)

+E(Hnψn),O(n−1/2h−1
n )

]
+

1
2

Σ(−3)
n

[
Dn,O(1) + Dn,O(h−1

n ) + Dn,O(h−2
n )

] [
E(ψ2

n),O(1)

+E(ψ2
n),O(hn/n) + E(ψ2

n),O((n/hn)−1/2) + E(ψ2
n),O(n−1/2)

]
+

1
2

Σ(−3)
n

[
Dn,O((nhn)−1/2)

+Dn,O(n−1/2h−1
n ) + Dn,O(n−1/2h−3/2

n )
+ Dn,O(n−1/2h−2

n )

]
E(ψ2

n),O(1).

Note all the expectations are in terms of quadratic and linear forms in the nonnormal vector vn, up to

order 4. The results of Bao and Ullah (2010, “Expectation of quadratic forms in normal and nonnormal

variables with applications”, Journal of Statistical Planning and Inference, 140) can be used directly. One

may be tempted to do further substitutions and simplify the express for B(λ̂n). It may also turn out after

simplification, some terms may be of order o(hn/n) and thus should drop out from B(λ̂n). (We suspect that

terms involving cumulants γ3, · · · , γ6 are of order o(hn/n).) The cost is more tedious algebra and we do

not pursue further here.

25


